We study the continuous time integer valued process X t , t ≥ 0, which jumps to each of its two nearest neighbors at the rate of one plus the total time the process has previously spent at that neighbor. We show that the proportion of the time before t which this process spends at integers j converges to positive random variables V j , which sum to one, and whose joint distribution is explicitly described. We also show lim t→∞ max 0≤s≤t X s / log t = 2.768 . . .
Introduction
This paper introduces and studies a continuous time right-continuous integer valued stochastic process which jumps only to nearest neighbors. We call this process, which was conceived by W. Werner, a vertex-reinforced jump process (VRJP) and for now designate it by X t , t ≥ 0. Given {X s , s ≤ t, X t = j } and putting A = 1 + t 0 I (X s = j − 1) ds and B = 1 + s 0 I (X s = j + 1) ds, the probability of a jump to j − 1 (j + 1) at a time in (t, t + h] equals Ah + o(h) (respectively Bh + o(h)), where both o(h) depend only on A and B. Thus the time elapsed after t until the first jump from j has an exponential distribution with rate A + B, and the probability the jump is to j − 1 is A/(A + B). This determines VRJP in the sense that the generator determines a Markov process, even though a VRJP is not a Markov process, and as with Markov processes an initial distribution needs to be specified to complete its description. It is easy to construct VRJP, started, say, at 0 from a sequence of i.i.d. exponential random variables of parameter 1. Other graphs may be considered, but in this paper we will stick to the integers. We note that the first use of exponential variables in connection with (discrete time) reinforced processes was made by Herman Rubin to couple a generalized Pólya urn with a pure birth process (see Davis [3] and Sellke [8]).
Of the discrete time reinforced random walks studied in the literature, the two that seem most fundamental are the bond-reinforced random walk first studied by Coppersmith and Diaconis in [2], the paper which originated the subject, and the vertex-reinforced random walk first studied by Pemantle in [6] , and later by Pemantle and Volkov [7] and Volkov [10] .
The Coppersmith-Diaconis walk on the integers starts with weight one on all the "bonds" (i, i + 1), and between times n and n + 1 jumps to one of the two nearest neighbors with probabilities summing to 1 and proportional to the weights of the bonds connecting the current state with these neighbors. After a jump from i to j (j = i − 1 or i + 1), the weight of bond (i, j ) is increased by one. Coppersmith and Diaconis observed that these walks could be realized as coupled Pólya urns. This approach proves almost sure recurrence on Z 1 (see Davis [3] ), which here and elsewhere in this paper will mean that every integer is almost surely visited at arbitrarily large times. Later, in a series of intricate papers, a remarkably complete description of the limiting behavior of this and many related bond-reinforced walks was provided by Tóth (see [9] ). Scaled properly (not √ n, in the Coppersmith-Diaconis case) they converge to various previously unknown processes, some of them quite wild. Pemantle's vertex-reinforced random walk on the integers is the vertex-reinforced analog of the walk just described. Each integer initially has weight one, and this weight is augmented by one each time it is visited. This process jumps to one of its two nearest neighbors between times n and n + 1, the relative weights of the neighbors giving the probabilities of the jumps. Not only is this walk not recurrent, but it was also proved in Pemantle and Volkov [7] that it eventually gets stuck on a finite set of points, and with a positive probability in exactly five states! This paragraph only scratches the surface of the subject of discrete time reinforced walks. See Davis [4] , Pemantle and Volkov [7] , and Tóth [9] for more, including references to papers in biology and learning theory which use discrete time reinforced walks as models, and a discussion of some processes which are limits of reinforced walks which arose in other areas of probability. Both the walks described above, and VRJPs, are close in spirit to Pólya urns, although only for the Coppersmith-Diaconis walk is the connection explicit. Reinforced Brownian motions have also been studied. See [1] for references. This paper began as an attempt to decide whether VRJP on the integers is recurrent. It is fairly easy to show that it does not get stuck in a finite number of states, but to show recurrence is a different matter. In the following two theorems X t , t ≥ 0, will stand for VRJP on the integers started at 0. We omit the qualification a.s. when it clearly must hold.
Theorem 1.1. The limits V i := lim t→∞ 1 t t 0 I (X s = i) ds exist for each integer i, and are positive and sum to 1. There are i.i.d. random variables U i , 0 < i < ∞ or −∞ < i < 0, each having the density f γ (x) given by
